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Abstract
It is explained that, for black holes much heavier than the Planck mass, black
hole microstates can be well understood without string theory. It is essential
to understand the antipodal identification at the horizon. We show why the
microstates exhibit a discrete spectrum, and how they relate to the particles
outside the hole.
1 The algebra leading to the microstates
Consider a Schwarzschild black hole in a stationary situation, during a time interval
O(MBH logMBH) in Planck units. Let it be surrounded by particles with masses and
energies Ei ≪ MPlanck ≪ MBH , and densities in the range of that of Hawking particles.
There are particles moving inwards and outwards. The black hole mass, MBH , fluctuates
accordingly when particles are absorbed and emitted. During the given time interval these
mass fluctuations are small compared to the entire black hole mass. Consequently, we can
handle the black hole metric as a background metric, with minor perturbations described
by perturbative (quantum) gravity [1].
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This time-reversal symmetric situation is the best configuration for describing quantum
energy eigen states, since these have the same time symmetry. String theory [2, 3] is
claimed to account for these quantum states by appealing to pictures of stacks of D -
branes [4], fuzzballs [5] and other concoctions, while it appears to be almost impossible to
reconstruct space-time itself, and the description of events as experienced by observers
moving in or out, or to understand how unitarity is maintained in the black hole evolution.
Where does quantum information go?
In recent papers [1, 6] the author observed that, to get the picture right, one has to
implement the gravitational back reaction between in- and out-states, and to impose the
antipodal identification constraint. Disregarding these important insights inevitably leads
to imprecise formulations. In contrast to claims often made, one cannot make the horizon
disappear by becoming“fuzzy”, or believe that strings already take over at macroscopic
distance scales, without serious damage to the concept of General Relativity.
In a locally regular coordinate frame such as the Kruskal-Szekeres frame, the past
event horizon is given by u+ = 0, and the future event horizon is u− = 0, where u+
and u− are local light cone coordinates. The most important region where most of the
non-trivial physics takes place is the region where these two horizons intersect. This
region is often portrayed as an S2 sphere, but we noticed [1] that it has to be replaced
by a projective sphere, S2/Z2 . So, at the intersection, we identify antipodal points. The
fact that the physical region is defined by r ≥ 2MBH implies that r never comes close to
zero. Therefore, the Z2 identification never generates any physical singularity. As for the
central singularity of the Schwarzschild black hole, it is well separated from the physical
domain(s) by a horizon (cosmic censorship works fine here), so that it can do no harm.
Particles entering the black hole, in-particles for short, may be represented by the
momentum distribution, p−(θ, ϕ) that they deposit on the future event horizon. The
out-particles can be characterised by their positions u−(θ, ϕ) when they leave the past
event horizon. A condition for our information preservation process to work is that these
operator distributions suffice to characterise all in-states and all out-states. There are
good reasons to assume that this should work. In any case, these are the variables in
terms of which we shall define all states, both for the particles deeply imbedded in the
black hole1 and for the particles further outside. Outside observers never need to refer to
particles ‘inside’ the black hole, that is, across any of the horizons.
The quantum commutation rules turn out to be
[u∓(θ, ϕ), p±(θ′, ϕ′)] = i δ(θ − θ′) δ(ϕ− ϕ′) sin−1 θ , (1.1)
while2 [u±(θ, ϕ), u±(θ′, ϕ′)] = [p±(θ, ϕ), p±(θ′, ϕ′)] = 0 .
1that is, close to an event horizon, but at the physical side of it.
2Some caution is asked for: time t is not an operator in the usual sense, so states are characterised
either by giving their wave function on the u+ axis or on the u− axis.
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To describe the scattering matrix, we expand both u− and p− in spherical harmonics
Yℓm(θ, ϕ), turning them to variables u
±
ℓm and p
±
ℓm , obeying
[u∓ℓm, p
±
ℓ′m′] = i δℓ ℓ′ δmm′ , (1.2)
The condition that the masses and the momenta of the particles are all demanded to
stay below the Planck regime ensures that we need not worry about fluctuations of the
space-time metric, but this does restrict the time period considered to stay well within
the domain O(MBH logMBH). The earliest in-particles and the latest out-particles then
develop momenta close to or beyond the Planck mass. These we now address by the back
reaction equations [1]:
u
− (out)
ℓm =
8πG
ℓ2 + ℓ+ 1
p
− (in)
ℓm , u
+(in)
ℓm = −
8πG
ℓ2 + ℓ+ 1
p
+(out)
ℓm . (1.3)
Consequently, the coordinates u+ and u− do not commute,
[u
+(out)
ℓm , u
− (in)
ℓ′m′ ] =
8π G i
ℓ2 + ℓ+ 1
δℓℓ′ δmm′ . (1.4)
The suffixes ‘(in)’ and ‘(out)’, are superfluous and will be omitted henceforth. The re-
lations (1.2) — (1.4) do not allow us to restrict ourselves to the domain I , defined by
(u+ > 0, u− < 0), since the Fourier transform of a function supported by a domain
x > 0 cannot be restricted to a domain p > 0. This is why region I cannot be considered
separately from region II , defined by (u+ < 0, u− > 0). Since both regions must be
physical, we assume that region I refers to one hemisphere of the black hole only, while
region II refers to the other hemisphere. It is the only way to keep the wave functions
pure, while the condition that no cusp singularities are allowed makes this assignment
unique. This is the antipodal identification [1].
We do see that, if |p
− (in)
ℓ,m | > ℓ
2MPlanck , then the in-particle responsible for this large
value of the momentum can be replaced by the associated out-particle, since its position
now is far enough reparated from the point u− = 0 to be considered soft, as its momentum
will always be in the order of the inverse of its position.
2 Discreteness
Now, in region I , consider two dividing lines: u+ = u1, u
− = −u1 , and similarly region
II , see Fig. 1. To count the quantum states, we consider all states on a Cauchy surface.
Choose as our Cauchy surface a line such as the red line in Fig. 1. We see that then
the complete set of quantum states is generated by the product of the states in regions
A1, B1, B2 and A2 . This gives us all available quantum states
3. The states in regions
3Of course, all entangled states are just superpositions of these.
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u
+
u
−
u
−
 = − u1
u
+
 = u1
Figure 1: Dividing regions I and II both into four parts
to separate the outside of a black hole from the inside.
The red line is a Cauchy surface.
A1 and A2 represent all particles outside the black hole. They form a continuum, since
these domains are not compact. We shall be interested in the states in B1 and B2 . They
may be regarded as states representing the microstates inside the black hole, although
they are still physically within reach for the outside world.
In earlier treatises, these states formed continua also. This is because u+ and u− are
tortoise coordinates: considering them as the exponents of regular coordinates, by writing
u± = σ±e̺
±
, one finds that ̺+ decreases linearly and ̺− increases linearly in time. Since
they are both unbounded below, the quantum states would seem to be continuous. This
would have given us far too many micro-states, and furthermore, the particles moving
inwards seemed to be unrelated to the ones going out (the black hole information paradox).
In our treatise, due to the gravitational back reaction, which solves the information
paradox, see Eqs. (1.3), this is different. We have for our microstates:
−u1 < u
− < u1 . (2.1)
On this domain, the states are spanned by the functions
sin(πn(u+ u1)/2u1)) , (2.2)
having momenta |p+| = πn/(2u1) , n > 0 .
Taking periodic boundary conditions gives us a similar set of states with the same density:
p+ = 2πn+/2u1 , −∞ < n
+ <∞ . (2.3)
4
But we have the relation (1.3), p+ = − ℓ
2+ℓ+1
8πG
u+ , while also u+ is bounded,
−u1 < u
+ < u1 → |p
+| <
(ℓ2 + ℓ+ 1)u1
8πG
. (2.4)
this implies that, at every ℓ, m, we have only a finite number of states:
|n+| =
u1|p
+|
π
<
(ℓ2 + ℓ+ 1) u21
8π2G
. (2.5)
If we take the separation line at r = 2GM(1+ε), this brings the number of states at ℓ,m
to
nmax =
GM2(ℓ2 + ℓ+ 1)ε
π2
≡ n0 (ℓ
2 + ℓ+ 1) . (2.6)
The total number of states is the product of the number at each ℓ . Only odd values of ℓ
are allowed. Thus we get:
Ntotal =
∏
|m|≤ℓ<ℓmax
nmax(ℓ) = e
1
2
ℓ 2max log(n0 ℓ
2
max)
(
1 +O(1/ℓmax)
)
. (2.7)
At this point, there is one difficulty left: how many values of ℓ and m should we admit?
It seems reasonable to impose4 a maximal value ℓmax for ℓ . In that case, we find that
Hawking’s value for the total entropy would match if, in Planck units,
ℓ2max log ℓmax = O(M
2
BH) , (2.8)
which is the domain of values where the angular momenta of the in- and out-particles is
near the maximal value for capture by the black hole.
Note, that in general, Hawking radiation is dominated by the lowest ℓ values; in the
wave functions, higher ℓ is strongly suppressed.
3 Discussion
There is an important caveat. In Eq. (2.1), it was assumed that large values for u1 would
imply that particles are far separated from the horizon. We must be aware that we are
actually discussing the (ℓ, m) component of the partial wave expansion. This expansion
describes the positions as functions of θ and ϕ . In reality we should only attach one value
set for θ and ϕ , not one value set for ℓ and m. Therefore, we should regard the above
4This is needed if we want not only discreteness, but also a strict maximum of the number of mi-
crostates. We are still working on finding a more precise treatment to relate this maximum to the area
of the horizon.
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derivations as a first approach to the discreteness of the microstates, but this is not the
final word.
It would be more elegant if we could make the following train of arguments more
rigorous: the Hartle-Hawking wave function is the entangled state
|ψ〉HH = C
∑
E,n
e−
1
2
βE|E, n〉I |E, n〉II , (3.1)
where β is the inverse Hawking temperature, E the energies of the states both in region
I and region II , and n stands short for any other type of quantum numbers. For a
local observer near the horizon, |ψ〉HH represents the single vacuum state, while for the
distant observer it contains Hawking particles both going in and out. Averaging over
the unseen states in region II gives us the thermal mixed states associated to Hawking’s
temperature. His value for the entropy, as the logarithm of the number of microstates,
follows directly. In our picture the precise interpretation is slightly different. When we
are close to equilibrium, the two hemispheres of the black hole are entangled. An observer
watching at most one hemisphere of the black hole (regardless in which orientation) will
not notice the entanglement, and hence observe the same thermally mixed state. Now
if the local observer sees a vacuum, the global observer actually sees the entangled state
(3.1). The second hemisphere is entangled with the first, and hence the total number
of microstates reached is strictly speaking only one, in practice better described as a
combination of the states |E1, n1〉I |E2, n2〉II , which we also get when things are thrown
into the hole. Far from equilibrium, the local observer will see particles moving in and
out, different everywhere; the external observer should then see all the states.
In the present paper, our only concern was to establish that the microstates should
have a discrete spectrum; this we think we have demonstrated. There is the question of
the cut-off ℓmax at high ℓ , which requires further exploration. At high ℓ the gravitational
back reaction produces effects in the transverse directions, and the different ℓ,m partial
waves begin to interact with one another.
The non-gravitational interactions were ignored. In general quantum field theories, the
couplings are weak, and they stay weak at the horizon, unlike the gravitational couplings.
There are ways however to improve the argument, for instance by including gauge theory
contributions. We do not expect these to substantially affect our conclusions.
Needless to state that string theories and AdS/CFT conjectures were bypassed in our
analysis. We are in 3+1 space-time dimensions, and have flat asymptotic space-time
(Λ = 0). There is no need for supersymmetry, and there is no need to go to the BCS
limit, where horizons are quite different from the more representative Schwarzschild case
(in the BCS limit, the Cauchy horizon and the event horizon almost coincide, to form a
structure that is quite different from an ordinary event horizon). No exotic assumptions
had to be made to understand the gravitational back reaction, and, although the antipodal
identification is an assumption, it is a natural assumption concerning space-time topology
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that does not violate causality and actually restores unitarity for the black hole. It is the
only way to avoid cusp singularities at the horizon.
As we only considered black holes close to equilibrium, the question how antipodal
identification switches on in the black hole formation process was not answered, but we
may assume that this will be genuine Planckian physics that is not yet understood. Note
that, when a black hole forms, the horizon starts out as almost a single point, where
‘antipodal identification’ would only span Planckian distance scales.
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